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CHAPTER 6 MULTIPLICATION OF INTEGERS 



6.1 Operotionol Systems (W, •) ond (Z, *) 

In Chapter 4 we learned how to add and subtract 
integers. It is natural to ask how integers shouia oe 
multiplied. 

With respect to the operation of addition, the whole 
numbers are isomorphic to the positive integers. That 
is, addition of whole numbers is just like addition of 
positive integers. It is reasonable to require that mul- 
tiplication preserve this close relationship between the 
whole numbers and positive integers. Let us recall 
someof the properties of (W, • ) which we should like 
to carry over into (Z, •), 



1. For all whole numbers a and b, a • b = b*a. 
(Commutative Property of Multiplication) 

For example: 3*7 =7*3 

2. For all whole numbers a, b, and c,a»(b*c) = 

(a • b) • c. 

(Associative Property of Multiplication) 

For example: (2*3)*4 =2*(3*4) 

3. For every whole number a, 1 • a = a • 1 = a. 
(lisa Multiplicative Identity in W) 

For example: 1*7 =7*1 =7 

4. For every whole number a, a*0 = 0*a =0. 
(Multiplication Property of Zero) 

For example: 3*0 =0*3 =0 

5. For all whole numbers a, b, and c, if c ^ 0 and 
c* a = c * b, then a = b, 

(Cancellation Property of Multiplication) 
Forexample' If7*a =7*13 then a = 13 

There is one property of the operational system 
(W, +, •) which relates the operations of addition 

and multiplication. This property is illustrated in the 
following example. 

Suppose we compute the product 7x13 in the usual 

way: 

13 

x7 

91 

In this computation, we have actually computed two 
simpler products 

7x3=21 and 7x10 = 70 



and then computed their sum 

21+70 = 91 

The reason this works is easy to understand if we pic- 
ture the product 7x13 as a rectangular array that hos 
been split into two arrays: 







On the left we have a 7x10 array and on the right o 7x3 
array. The number of elements in the array does not 
change by the splitting, so wo have 

7-(10 +3) =7-10 + 7-3 
Similarly, we know that 

7-(4 +6) =7-4 +7-6, 

13-(98 + 2) =13-98 + 13*2, 

or in general 

6. For any whole numbers a, b, and c, 
a-(b + c) r a • b + a - c. 

(Distributive Property of Multiplication over 
Addition) 

We should also like the distributive property to apply 
in (Z, +, •). 

6.2 Exercises 

1. For each of the following state the property for 
multiplication of whole numbers that justifies 
the equality. 

(a) 87 X 1 =1 X 87 

(b) 87 X 1 = 87 

(c) (98 - 97) X 46 = 46 

(d) 5x(2x83)=(5x2)x83 

(e) (25x38) x4 =(38x25) x4 

(f) (38x25) x4 =38 x(25 x4) 

2. Without computing justify: 

(a) (43 X 28) 76 = (76 x 43) x 28 

(b) 87 x(43 x76)=(87 x76)x 43 

(c) 8 x(69 x 25) =69x(25 x 8) 

3. State the commutative property for addition of 
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whole numbers. 

4* State the associative property for addition of 
whole numbers. 

5. What is the identity element for addition of 
whole numbers? 

6. What is the identity element (if there is one) 
for each of the following systems. 



(a) 


(Z5'+) 






(f) 


(W, ^ 


(b) 


(Zs-.-) 






(g) 


(1. +1 
\ w » 


(c) 


(Z6'+) 






(h) 


(W,+) 


(d) 


(Z6'*) 






0) 


(W,0 


(e) 


(W,+) 






(i) 


(Z,-) 


Compute each of the following: 




(a) 


09 

X 

X 


7) 


(d) 


X 

X 


(b) 


X 

CO 

X 


7) 


(e) 


(47 X 


73) +(47 


(c) 


7x(9 X 


8) 


(f) 


(47 X 


73) - (43 



*8. Using the properties of this section, prove that 
if r, s, t are whole numbers, 

(a) (r*s)*t =(r»t)»s (c) r»(s»t) = (r* t)* s 

(b) (r*s)*t = (t* s)*r (d) r* (s*t) = s*(t*r) 

For example, exercise (a) may be done as follows: 

(r»s)»t = r*(s*t) Multiplication of whole num- 
numbers is associative. 

= r*(t*s) Multiplication of whole num- 
bers is commutative. 

= (r* t) • s Multiplication of whole num- 
bers is associative. 

9. From your experience with multiplication of 
whole numbers what seems to be true if the fac- 
tors are ordered and grouped differently? (The 
generalization referred to here is sometimes 
called "the rearrangement property for multi- 
plication of whole numbers".) 

10. Consider the two sets (Sandwiches and Bever- 
ages) 

S = {cheese, jelly, peanut butter} which is ab- 
breviated {c, i, p} end B={milk, tea) vyhich we 
abbreviate {m, t}. 

(a) Interpret the ordered pair (|, m). 

(b) List all the possible ordered pairs that can 
be obtained by using an element of S as the 
first element and an element of B as the 
second element of each ordered pair. 

(c) How many ordered pairs did you get in (b)? 

(d) List all the ordered pairs if the first ele* 
ment must come from B and the second from 
S. 

(e) How many did you get now? 



(f) What property seems to be illustrated here? 

(g) Suppose S or B had just one element. How 
many ordered pairs would we now get? 

(h) Suppose S or B had 0 elements. How many 
ordered pairs would we get? What generaliz- 
ation does this suggest regarding a product 
having 0 as a factor? 

11. Compute 

(a) 7x (20 + 7) (e) (47 x 39) - (47 x 29) 

(b) (7x20) +(7x7) (f) (37 X 43) - (27 X 43) 

(c) (23 x 87) + (23x13)(g) (6|- x 8) +(6^ x 12) 

(d) (76 X 38) +(24 x38) (h) (6^ x 3j) + (6j x 6p 

*12. Using the fact that multiplication of whole num- 
bers is commutative and distributive over addi- 
tion, prove that for all whole numbers a, b, and c, 

(a) (b + c)a = ba+ca (Recall thatba = b*a, ca 

= c* a, etc.) 

(b) a(b - c) = ab -ac whenever b is not less 

than c 

(c) (b - c)a = ba - ca whenever b is not less 

than c 

13. Is it true that 5 +(2 x 4) = (5 +2) x (5 + 4)? 

14. Is addition distributive over multiplication in 

(W, +, •)? 

6.3 Multiplication for Z 

In order to define multiplication as an operation in 
Z, we must show how to assign to each order pair (a, b) 
of integers a third integer c called "the product of a 
and b". We will use the definition of multiplication for 
whole numbers and the six properties wo want preserved, 
as guides to the rule of assignment for ** •" in Z. Under 
these circumstances, there are three cases which must 
considered in making our definition: 

1. Both a ond b are positive. 

2. Both a and b are negative. 

3. a is positive and b is negative. 

We also want our definition to make sense in situations 
where the integers have applications to real life prob- 
lems. 

Question: Why is it unnecessary to consider the 
case "a negative, b positive*'? 

6.4 Multiplicotion of Positive Integers 

The systems (W, +) and (W, +) are isomorphic. In 
fact; both of these systems are isomorphic to (P, +) 
where P is the set of positive integers. The isomorph- 
ism may be illustrated by 

5— 5— +5 
4+5 *•—►4 +5-*— "^4 + ^5 



o 
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We already know how to multiply whole numbers. 
This knowledge suggests a definition of multiplication 
for the positive integers. 

3 X 4 = 12 suggests +3 M = '^12 

11 X 14 = 154 suggests ^11 ^14 = ^154 

8x0=0 suggests +8 ^ ^0 = ^0 

These examples imply that we should moke the 
following definitions: The product of two positive in- 
tegers is the unique positive integer whose absolute 
value is the product of the absolute values of the fact* 
ors. For every positive integer a, a • ^0 = ^0 • a = 0. 



6.5 Multiplicatiort of a Positive Integer and a Negative 
Integer 

Since (under +and •) the positive integers behave 
exactly like the whole numbers, let us agree to delete 
the elevated plus sign. For example, instead of writ'ng 
••+2" we shall write simply “2” and think of 2 as be- 
ing a positive integer without saying “positive”. We 
shall write “0” rather then "‘^O” or *'“0” end think of 
0 as being the addition identity element for integers. 
Moreover, it will be more convenient to regard only the 
strictly positive integers as being positive and the 
strictly negative integers as negative. With this agree- 
ment, every integer is either positive, zero, or nega- 
tive. In other words, for every integer n, exactly one of 
these conditions must hold 



0 < n, 0 = n, or n < 0. 



Let us now write a few computations that may sug- 
gest whet the product of a positive integer and a nega- 
tive integer should be. 



3 x3 =9 
3x2=6 
3x1=3 
3 xO =0 
3 X “1 =□ 
3 X “2 = □ 
3 x-3 = 0 



3x3=9 
2x3=6 
1 x3 =3 
0x3=0 
“1 X 3 = □ 
-2x3=0 
”3x3=0 



Ir: the left column of equalities the second factor de- 
creased by 1 as we move down. In the ri^t column of 
equalities, the first factor is being reduced by 1. In 
both columns the products are decreasing by 3. These 
lists suggest that the products for the last three lines 
should be “3, ”6, and “9 if the products are to con- 
tinue to decrease by 3. It appears that the product of 
a positive integer and a negative integer should be 
negative regardless of which is the first of the pair. 
Furthermore, the absolute value of the product should 
agoin be the same as the product of the absolute val- 
ues of the factors. 

Therefore, if r and s are two integers, one negjo- 
tive and the other positive, we define the product r»s 
to be the unique negative integer with absolute value 



equal to I r 1 • 1 s ! .. It follows from this definition 
that r* s = s ’r. 

Later we shall give other reasons for adopting this 
definition and suggest a mathematical basis for deriv- 
ing them. Let us now see some illustrative examples. 

Example 1 : G)mpute *“8x7 

1"8 x7 1 = 1“ 8 1 X |7 i 

= 8x7 (Note: Here 8 and 
7 are whole num- 

= 56 

Since "8 is negative end 7 is posi- 
tive, “8 X 7 is a negative integer. 
Hence, “8x7 = “56. 

Example 2: Compute 9 x “6 

|9 X “6 1 = l9 I X |”6 1 

= 9x6 
= 54 

Therefore, 9 x "6 = “54. 

Example 3: Compute (4 x ~3) x 2 

(4 X “3) X 2 = "”12 X 2 

= “24. 



6.6 The Product of Two Negative Integers 

The only remaining products to be considered are 
those involving two negative integers. Once again let 
us try to obtain a clue by recognizing a pattern. 



“3 X 3 = “9 

“3 X 2 = “6 

"3 X 1 = “3 
-3 X 0 = □ 

-3 X -1 =□ 
-3 X -2 =□ 

-3 X -3 =□ 



3 X -3 = “9 
2 X -3 = “6 
1 X -3 = “3 
0 X -3 =□ 

-1 X -3 =□ 

-2 X -3 =□ 
-3 X -3 =□ 



In the left column of equalities the second factor is 
being reduced by 1 in moving down. In the right column 
of equalities the first factor is being reduced by 1. In 
both columns, the products are increasing by 3. The 
above lists suggest that the last four products should 
be 0, 3, 6 and 9 If the products are to continue to in- 
crease by 3. 

These examples suggest the following definitions: 
The product of a pair of negative integers is the unique 
positive integer which has absolute value equal to the 
product of the absolute values of the factors. For 
every negative integer a, a»0 = 0*a =0. Later we 
shell give other reasons for adopting those definitions 
and suggest a mathematical derivation. 

We con summarize our definition of multiplication 
of integers as follows: 

For all integers r and s. 
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1. |r.s|= irl • IS 

2. If r and s are both positive or both negative, r • s 
is positive. 

3. If r and s are such that one is positive and the 
other negative, r*s is negative. 

4. r-0 =0* r = 0. 

With the above definition as rules for the assignment, 
multiplication is an operation on Z. That is, for each 
ordered pair (a,b) of integers there is a unique integer 
£= a-b called **the product of a and b”. Furihermore, 
it can be shown that the six properties of (W, +, • ) 
stated in section 6.1 are also properties of (Z, +, •). 

The general rules for multiplication of integers may 
be clarified b/ the following illustrative examples. 

Example 1 : Compute “3 x "4 

I ”3 X I = |“3 I X |“4 I 

= 3 X 4 

= 12 . 

Since "3 and “4 are both negative, 
the product is positive. Hence, *"3 x 
~4 = 12 (What kind of number is 12 
here?) 

Example 2: Compute (“7 x ”2) x “3 
(-7 X "2) X “3 = 14 X -3 
= “42. 

Example 3: Coitupute “9 x (6 x ”4) 

-9 X (6 X -4) = “9 X -24 

= 216 



(e) “5 X (2 X -47) 

(f) (“5x2) x-47 

(g) (“43 X -4) X -25 

(h) -43 X (-4 X -25) 



6.7 Exercises 

1. Compute: 

(a) -23 x27 

(b) 32 x-37 

(c) “43 X -47 

(d) “57 X -53 

2. Compute: 

(a) (“17x-7) + (-17x-3) 

(b) (“17)x(“7+“3) 

(c) (“38x37) + (28x37) 

(d) ("38 +28) X 37 

(e) (“83x-67) +(-27x-67) 

(f) (“37x73) + (37 +73) 

*3. Supposejr, ^ andj,are integers. 

(a) Give a rule for determining whether (r • s) • t 
is positive or negative. What about r* (s* t)? 

(b) Try to justify that 1 (r»s) *t 1 = 1 r»(s*t) 

(c) Give a general way of computing | (r • s) • t 



(d) prove that 

(1) r.(s-t) - (r-s)-t 

(2) r • s - s • r 

4. Let us return to considering an integer as a set 
of ordered pairs and see how multiplication may 
be defined. You recall: 

^ = { (0,3), (1,4), (2,5), . . .> 

-2 = { (2,0), (3,1), (4,2), . . .} 

{ /Am n n (rov . . .} 

Let us define a multiplication of two ordered pairs as 
follows: 

(a, b) • (c,d) = (ad+bc, ac+bd) 
so that (2,5) • (5,3) = (6+25, 10+15) 

= (31,25) 

Observe that (31,25) is in the set for “6.^ 

(a) Take two other ordered pairs, one from 
and one from “2. Is their product in “6? 
Reverse the order of the factors. Is their 
product the same? 

(b) Take oneordered pair from “3 and one from 
-2. Is their product In +6? Reverse the order 
of the factors. Is their product the same? 

*(c) Qeck that [“4 x (”3 + ^) 1 <*n<f t (“4 ^ 

“3) + (“4 X ■^) ] ere ordered pairs of the 
same integer by using in place of each In- 
teger one of its ordered pairs and then using 
the definitions of addition and multiplication 
of ordered pairs. 

*(d) Check that [(“4 x ”3) x '*2] end [“4 x 
(“3 X ■*^)] ere ordered pairs of the seme 
integer by the method used in (c). 

*(e) Assume the familiar properties of addition 
and multiplication for whole numbers. Use 
the ordered pairs of whole numbers, 

(a,b), (c,d), (e,f) 

to check that: 

(1) Addition of integers 

a. is commutative: [(a,b)+(c,d)] and 
[(c,d)+(a,b)] are ordered pairs of the 
same integer. 

b. is associative 

(2) The sum (d,d)+(a,b) and (a,b) are ordered 
pairs of the same integer. 

(3) The sum (a,b)+(b,a) is on ordered pair 
of the integer 0. 

(4) Multiplication of integers 

a. is commutative: (a,b)(c,d) and 
(c,d) (a,b) are ordered pairs of the 
same integer 
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b. is associative 

c. distributive over addition. 

(5) The product (d,d)* (a,b) is an ordered 
pair of the integer 0. 

(6) The product (d,d+1) *(a,b) and (a,b) are 
ordered pairs of the some integer. 

5. The "least" ordered pair of an integer is the 
ordered pair having 0 for one of its members. 



\M/ < HIM IflV IW19I w* *i«w 



integers 

(I) 7 (2) -7 (3) 0 

(b) For each of the following ordered pairs, 
find the integer containing it 

(1)(0,12) (2) (12,0) (3) (38,47) 

(c) Compute each of the following, then state 
the least ordered pair that is in the same 
integer. 

(1) (0,7) +(9,0) (6) (7,7) -(9,0) 

(2) (0,7) - (9,0) (7) (0,1) -(9,0) 

(3H0,7).(0,9) (8) (1,0) -(9,0) 

(4) (0,7) • (9,0) (9) (1,0) -(0,1) 

(5) (7,7) + (9,0) 



6.8 Dilations and Multiplication of Integers 

Let us begin with a line in which one fixed point 
is labeled "C*. Consider the following mapping of the 
line onto itself: The mapping assigns point C to itself, 
but to any other point P on the line it assigns the point 
P' such that P is the midpoint of segment CP* . This 
mapping is illustrated by the arrow diagram 






Q' 



r 



For this mapping, the distance CP* is twice the dis- 
tance CP. Thus the mapping corresponds to 

^2n 



n- 



which takes whole numbers into their doubles. If we 
denote this mapping, which doubles distances from C, 
by **2*" (read: 2 prime), we have 

2* : P ^P* 

2* : C— C 

2* : Q ^Q* 



In a similar manner we define 3* to be the mapping 
that takes any point P into a point that is three times 
as far from C and on the same side of C ds P. In gener- 
al, if_d is a whole number, **d*'* will denote the map- 
ping that takes any point P into a point that is d times 
as far from C and on the same side of C as P. Such 
mapping is called a dilation. Summarizing, we have: 

If dilation d*: P ■ » P*, then CP* = d»CP 

and P is between C and P* , d* : C • C. 




Question: Does d* mop the line onto itself? 



Let us now define another mopping that also 
leaves C fixed. This mapping takes any point R to a 
point on the other side of C, the same distance from C. 



r 



Since this mapping reflects R in C, it is called "the re- 
flection in C" and isdenoted “-I * " (read: negative 
one prime). Such a mopping is also colled s symmetry 
in point C because points Rand R* are located sym- 
metrically on either side of C. However, in this chapter 
we shall continue to call such a mapping a reflection in 
a point. 

-1*: R 

-1': R^ -R 

“1 * : C -C 



Let us now see what happens when we compose **1 
with 2 * . Such maps leave C fixed, so let point P be 
different from Point C. Locate points Q, R, and S so 
that RS = SC = CP = PQ. 



R 

-4^ 



s 



c 




Then 2*: P- 



-Q and “I * : Q- 



■'R. The compo- 



sition of “1 * with 2* takes P into R via Q. Similarly, 
the composition of 2* with "1 * takes P into R via S. 

We shall see that composition of such mappings is 
analogous to multiplication of integers. Anticipating 
this analogy, let us agree to express this composition 
by useof the multiplication sign **x". We may now 
write 

2* x-1'; P i-R. 

-rx2*: P ^R. 



We shall use **“2'" as on abbreviation for "2* x 
“1 Similarly, “3* =*3* x“l* and “4* =4* x “1 ' 
We shall also say that ~2* "contains a reflection**. 

“3 *, “4 , “5* , . • . also are said to contain a reflec- 
tion. 

Let us look at a faw more examples. 



c 



— «-T or 1 
— or 1- 
— or -1 - > 

— ►T or ~1 ■- » 

Example 3: (“2* x2*): S ■' -►L or“l' 



Example 1: 3*: P 
-3*: P 
Example 2: 3*: S' 
-3*: S 



because "2 * : S- 
2*:Q — 



‘Q and 



Note: that “*4* ; S — ■ * L or ”1* 
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so that the mappings “2* '<2* and 
~4* have the same effect on S. 

Example 4: Let us now use only the integer 

names for the points. 



(2' .3') 


: 1—6, 


“4 - 


— “24 


6' 


:1— 6, 


“4- 


— -24 


(“2'x3' 


): 1— ”6, 


“4- 


— 24 


-6' 


: 1 — -“6, 


“4- 


— 24 


9 9 

\ i. ^ ^ 


): 1 o. 




— “24 



What do these examples suggest? 

It will be convenient to define the magnitude of 
such a dilation mapping. The magnitude of the mapping 
where **d” names any integer, is the same as the 
absolute valueof d, that is |d|. We shall use the same 
vertical bar notation to denote magnitude. Thus, |d | 

- |d|. In particular 

|3'|= |3h3 
l“3'| = 1“3| = 3 

Let r and s be any integers; r' end s' their cor- 
responding mappings. Then the composite mapping r' x 
s' has the following property: 

Ir'xs'Hr'l- Is'l 

because s' enlarges by a factor of Is' | and r' enlarg- 
es the enlargement by e factor of |r' 1. The net result 
is to enlarge hy 0 I * |s*l* 

If neither r' nor s ' contains a reflection, the com- 
position mapping r' x s' contains no reflection. If both 
r' and s' contain reflections, then r'x s' contains no 
reflection. If either r' or s' (but not both) has a re- 
flection, then r' X s' contains a reflection. Let us say 
that r' and s' have the same direction if either both 
contain reflections or neither contains a reflection. 
Then r' and s' are the same mapping if they have the 
same direction and mognitude. 

Let us agree to call every mapping d', where d is 
any integer, a dilation. The sat of dilations together 
with the operation "x" expressing compositions de- 
termine a mathematical system which we shell denote 
by "(D', x)”. 

To compute the composition of two mappings will 
mean to express the composite mapping es a mapping 
without an indicated composition. Thus, the computed 
mapping for “3' x "2' is 6' end we shell write "3' x 
"2 ' =6' because “3 ' x “*2 ' and 6 ' have the seme 
direction and magnitude. 

The resemblance between (Z, •) end (D', x) 
should be quite apparent by now. In the first place, 
diere is a one-to-one correspondence between the in- 
tegers Z and the dilations D'. Moreover, 
composition of dilations strongly suggests how we 
should multiply integers. 

6.9 Exercises 

Use the integer names for points of our number 



line and let our dilations be with respect to 0. 

1. Into what point does 7' map each of the follow 
ing: 

(a) 6 (b)-6 (c)l (d)0 

2. Into what point does~7' map each of the fol- 
lowing: 

(a) 6 (b)”6 (c) 1 (d)0 

3. Into what point does 2 '* x “3' map each of the 
following: 

(a) I (b) I tc; u (a; lu 

4. G>mpute: 



(e) “10 



(a) “7'x“6' 

(b) 7'x-6' 

(c) 6'x -7' 

(d) -6'x7' 

(e) -15'x“15' 

(f) 25'x25' 



(g) “35' X -35' 

(h) 45'x45' 

(i) (2'x-3') x4' 
(i)2'x(-3'x4') 

(k) (-17'x25')x4' 

(l) “17'x (25'x4') 

*5. Let r', s', t' he any dilations. Prove that com- 
position of dilations 

(a) is commutative: r' x s' = s x r 

(b) is associative: (r'x s') xt'=r'x(s'xt') 

(c) has 1 ' as an identity. 

6. Whet can you say about the dilation O'? 



6.10 Another Isomorphism 

We would like to have the positive integers, to- 
gether with zero, behave just like the whole numbers 
under multiplication. In fact, it is for this reason that 
we ere using the same symbols. **2” names either a 
whole number or a positive integer — we can tell which 
only from context. Composition of dilations that do not 
have reflections behaves exactly like multiplication of 
whole numbers. For this reason wemoy define the prod- 
uct of any pair of integers_r and ^ by using the informO' 
tion we have for (D' , x). 

In order to define r . s we need to know its ofe- 
solute value and Its direction. Let lr*sl~ |r'xs'| 

= |r' I X |s' I and let t*<e direction of r» s be negative 
if either r' or s' (but not both) have a reflection; 
otherwise, let the direction of r • s be positive. With 
this definition, (Z,*) and (D',x) are isomorphic. 



9 ^9 

X* s , ^ r X s , 

6.11 Mol tipi icotion of Integers through Distributivity 
In section 6.1 we said that it would be nice if 
(Z,+, • ) retained the distinctive properties of (W,+, •)• 

In order to extend the isomorphism between (W,+)ond 
the non-negative integers, we assumed that the product 
of two positive integers is a positive integer. Then by 
observing patterns of multiplication, we were led to 
definitions in the cases where one or both factors are 
negative or zero. We found that these definitions did 
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preserve the desired properties. 

Are there other possible ways to define multipli- 
cation in Z and still retain those properties? Could 
such alternative definitions lead to results differing 
from those we have already obtained. For example, 
could r»0 = r for every integer_r ? Could the product of 
two negative integers turn out to be negative integer? 
(For instance, could ""7 ‘“IS = '"91?) 

In this section we shall show thot if " is as- 
sumed to be a commutative, asscciative, and distribu- 
tive operation, the customary rules for computing prod- 
ucts are actual ly forced on us. 

Let us begin by stating a basic assumption which 
we have been using over and over. To illustrate this 
assumption, which we shall soon name, consider the 
easy computation 

(2 +3)+4 = 5+4 



A.6 The product of two positive integers is a 
positive integer. 

We are now ready to prove some further useful proper- 
ties of the system (Z, +, • ): 

Tl: Cancellation For Addition 

We will prove that for integers, whenever x + b = 
y + b it follows that x = y. 

Ifx + b = y+ b then it follows that (x + b) + ""b = 
(y + b) + “b because we ere adding ”bto the same 
number, only using different names x + b and y + b for 
this number. Using the associative property for addi- 
tion of integers and Replacement, this equality may be 
written as 

X +(b + ”b) =y +(b + ”b) 

But b + -b = 0. So, because of Replacement, we 
now write 



= 9. 

The symbols “2 + 3” and ‘‘5” both name the same 
number so we feel free to replace “2 + 3’* by “5”, In 
the lest step we replaced “5 + 4” by “9” because 
they both name the same number. 

In mathematics we frequently replace one name 
for an object by another name fur the same object, as- 
suming that this kind of replacement is permitted. This 
assumption can be stated precisely as follows: The 
mathematical meaning of an expression is not changed 
if in this expression one name of an object is replaced 
by another name for the seme object. This assumption 
will be called the Replacement Assumption or simply 
Replacement. We shell be making frequent use of this 
assumption without mentioning it. 

The second assumption is that multiplication is 
an operation on Z. For each pair of integers^ and 
^ there is a unique integer r* s. 

The third assumption is that multiplication of in- 
tegers is commutative. For every pair of integers^ 
and s^, rs = sr. 

The fourth assumption is that multiplication of in- 
tegers is associative. For every triple of Integers _r, s_, 

and_t» 

The fifth assumption is that multiplication is dis- 
tributive over addition. For all integers x, ^ and t, 
r- (s + t) = rs + rt. 

The sixth end final assumption is that the product 
of a pair of positive integers is a positive integer and 
for every pair of integers x absolute value 

of r • s is equal to the product of the absolute values of 
r and s. 

These six assumptions may be summarized as 
follows; 

A.1 Replacement. 

A.2 Multiplication is an operation. 

A.3 Commutativity. 

A.4 Associativity. 

A.5 Distributivity. 



X + 0 =y +0. 

0 is the additive identity for integers, so x + 0 = x and 
y + 0 = y. Again using Replacement, we obtain x =y» 

We have thus shown that Ifx + b= y +b, then x = y. It 
also follows readily that if b + x = b + y, then x = y. 

We shall refer to these generalizotions as Cancellation 
for Addition. 

T2: Each Integer Has Exactly One Additive Inverse 
Suppose the Integerx had two inverses, soy x 
t.Then by definition of additive inverse, 

s r = 0 and t r = 0. 

But if s + r end t + r ere both 0, we have s + r = t + r. 
From cancellation for addition we have 

s = t. 

Hence, we can have but one additive inverse of any in- 
teger r. We shall usually denote it by ‘‘“r”. 

We are now ready to give convincing arguments for 
certain rules for computing products of Integers. We 
shall begin with a rule, which we previously adopted 
as a definition. 

T3: For every integer r, r »0 = 0 • r = 0 
We already know that r = r + 0. 

r . r = r* r Multiplication is an opera- 

tion 

r • (r + 0) = r • r Replacement of ' V* by 

•‘r + 0” 

(r-r) +(r*0) =r*r Distributivity 

(r*r) +(r*0) - (r - r) +0 0 is the odditive identity 

r-O =0 Cancellation for Addition 

0*r =r*0 Commutativity 

0*r=0 Replacement 

This generalization or theorem says that the prod- 
uct of two Integers is zero whenever one of the integers 
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